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Abstract 

In this paper, we obtain two results on closed Reimainnian manifold M x 
[0, Tj.When T is small enough, to any prescribed scalar curvature, the exis- 
tence and uniqueness of metrics are obtained on the volume element pre- 
serving deformation. When T is large and the given scalar curvature is small 
enough, the same result holds. 

1 Introduction 

This article concerns the following question: Suppose (M,g),(N,h) are 
m-dimension and n-dimension Riemainnian manifolds,on which g, h are cor- 
responded metrics. Then g + h is a metric on M x iV.(Here, (g + h)(Xp, Yp) = 
<Kpfi) P , (Yi)p) + H(X 2 ) P , {Y 2 )p),X P = (X 1 ) P + (X 2 ) P , Y P = (YOp + (Y 2 ) P , 
Xp, Yp are tangent vectors on M x JV at point P. They can be decomposed 
into (Xi)p, (Yi)p and (X 2 ) P , (Y 2 ) P , which are tangent vectors on M and 
iV.)The author considers a class of metric deformation: in fact, one can 
construct a metric K on M x iV,such that K = p n g + p _m /i,here p is a 
smooth enough positive function defined on M x N. Obvious, det(K) = 
det(p n g)det(p~ m h) = det(g)det(h) = det(g + h), then the volume forms of 
g + h and K are same at every point. So we call this deformation as the vol- 
ume element preserving deformation. And the question is that with what 
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condition, a smooth enough function R defined onMxJV can be viewed as 
the scalar curvature of this kind of metrics K. 

This question can induce a partial differential equation namely, 



R = p~ n R g + p m R h + p- n A g lnp n + p m A h lnp- 
--(nm + 2n + m 2 )p' n \V g lnp\ 2 g 

- — (nm + 2m + n 2 )p m \V h lnp\ 2 h 



m 



(1.1) 



It is too complicated,the author only study this equation when n = l.Do a 
transformation, this equation becomes, 



It is a degenerate quasi-linear hyperbolic equation. 

This article is composed by 5 sections. In section 2, the author introduces 
the notations of some spaces and corresponded norms, refers some Lemmas 
which are useful to the rest part of this paper. Section 3 gives the details 
to obtain equation (1.1), (1.2) from the above proposed question. In section 
4, using the energy estimate,the prior estimate of equation(1.2) obtained on 
M x J,here I — [0, T] is a interval of length T. Section 5 studies the linear 
equation of the following form: 



+ a(x,t)—-(a(x,t)Au+ < V/?(x,t), Vu > +j(x,t)u) = f(x,t) (1.3) 



Using the estimate of section 4 and Banach contraction principle, the last 
section gives two results. 

In a word, the paper mainly obtains the following two theorems. 

Theorem 1.1 Suppose (M, g) be m-dimensional closed Riemainnian man- 
ifold, / = [0,T] be a interval of length T with standard Euclidean metric h, 
and R G C°°(M x I). To any integer k > f + 3,exist < t < T, then exist a 
unique volume element preserving deformation e 2u g + e~ 2mu h such that the 
scalar curvature of this metric is R on Mx [0, £ ]-Here, u G C k (Mx [0, to]), and 
satisfies u(x, 0) = (f(x), u t (x, 0) = ip(x) and <p(x),ip(x) G C°°(M) are two 
prescribed functions.And to relates to manifold M, k, R, ip, ip. 



R 



e~ 2u R q + 2e~ 2u Au - 2me 2mu — 

at 1 

-(m 2 + m + 2)e' 2M |Vii| 2 - m(3m + l)e 2mu u 2 




(1.2) 



d 2 u 
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Theorem 1.2 Suppose (M, g) be m-dimensional closed Riemainnian man- 
ifold which is scalar curvature flat R g = O.And / = [0, T] be a interval of 
length T with standard Euclidean metric h, and R e C°°(M x J).To any in- 
teger k > y + 3, exist e > 0,and when H-Rll^i^+fc]^) < e then exist a unique 
volume element preserving deformation such that the scalar curvature of the 
metric e 2u g + e~ 2mu h is R on M x /.Here, u G C fc (M x J),and u satisfies 
u(x, 0) = 0, u t (x, 0) = ,and e only relates to manifold M, k, I. 

Remark 1.3 Here, closed manifold means compact oriented and without 
boundary manifold. 

At last ,the author should thank to his supervisor Professor Huang Xu- 
anguo.This question is proposed originally by him.And he induced the cor- 
respond equation in some special cases. The section 3 is the generalize of 
his computation. He carefully checks my paper, and gives me much valuable 
suggestion. This paper can not be completed without his continual encour- 
agement. And the author also wants to thank to his classmates:Du Yi,Hu 
Junqi,Yang Yongfu.They give me a lot of help during the paper finished. 

2 Preliminary 

Suppose (M,g) be a closed m-dimensional Riemainnian manifold, {xi}^ 
is its local coordinate. (g^) is the inverse matrix of (gij). Let u be a smooth 
enough function on M. Using Vi B Vj s _ 1 •••Vj 1 it as u's the s-order covari- 
ant derivation, here V the Levi-Civita connection to g.We use the following 
notations: 

m 

|V S < = Yl (9 hjl ■ ■ -9 isjs )(V is ■ • • VfctiXV* • • • V^ti); 




s 

u\\ W s, P{M) = l|V J w||^ p(M) ) 1/p ; ||u||co(m) = max M \u 

3=0 



k 

V k u\\ c o(M) = max M \V k u\ g ; \\u\\ C k {M) = (J^ || V%||^, (M) ) 1/2 (2.1) 

3=0 
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here,l < p, s,k < oo. Denote W S ' P (M), C k (M) as the Banach space with the 
corresponded norms. Especially,denote H S (M) as W S ' 2 (M). 

Let / = [0, T] be a interval of length T,with the metric h and the arch 
length coordinate {tj.Then on M x / one can choose a local coordinate 
{xi}™^ 1 where x m+ \ = t.Then direct computation shows T^ B = 0, R^bc = 
0, if some of A, B, C, D G {1, • • • , m+1} are m+l.Here, T, R are the christoffel 
symbol and curvature operator of product metric g := g+ h. Using this result 
and Ricci identity, one can finds, to any smooth enough (r, s) tensor field A 
on M x / which has the form in local A = J^™ - ... 4 ^ ... - s=1 A l y"^ a (x, t)-^- <g> 

• • • ® ^ ® d** ^. vm};:- = v,4'::£ v a = g^/.f, <= 

{1, • • • , m},and 

—y'A'y'r = V' — .r r " (2.2) 

dt n - ]s dt y ' 

here,V is the corresponded connection of g.Then we introduce the following 
norms: 

1 1 ojfc 1 1 1 1 1 1 II II 1 1 1 1 d U 1 1 || 

II U\\LP{[0,t},W s 'i(M)) = || || V_a U\\ W s,q(M)\\LP[0,t] — \\\\-Q^k\\w s 'i{M)\\LP[0,t] 

dt 

\\ u \\w k 'P([0,t],W s 'i(M)) = (Yh=Q \\dt u \\Li>{{0,t],W°>i(M))) 1/P 

\\ u \\c k ([o,t},c-(M)) = (J2i=o \\\\9 l M\cs( M )\\c°io,t]) 1/2 (2.3) 

and the space L p ([0, t],W s ' q (M)) is the completion of the C°°(Mx [0, *]) with 
this norm,0 <A;,s<oo,l<p<oo,l<g<oo, here u is a smooth enough 
function on M x / and < t < T. It is weakly star compact. 

The following three Lemmas are classical in partial differential equa- 
tion,we refer [Hormander] pl06-108 [Nirenberg] and [Zheng] pl0-ll,pl86-187 
for the detail proof. 

Lemma 2.1(Galiardo-Nirenberg Inequality) Let j,neZ and < j < n. 
Let 1< q,r < +oo,j)Gl,i < a < l,suchthat = a^-^+fl-aU.For 

any u G W /n ' r (IR Tn ) f| L 9 (IR m ), there is a positive constant C depending on 
n, m, j, q, r, a such that 

||v j 'u||LP(Rm) < c||v n n||^ (Mm) ||ti|li; ( V) ( 2 - 4 ) 

with a exception: if 1 < r < oo, n — j — ^ is a nonnegative integer then the 
inequality hold only - < a < 1. 
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Lemma 2.2 suppose £ = ^ + ^,1 < r,p,q < oo,and suppose that all 
norms appearing what follows are bounded. Then for any integer s > 0,one 
has 

||V S (/5f)||Lr( R m) < C(||/||x^(Km)||V S 5||x,9(Rm) + 1 1 V*/ 1 1 L<? (R m ) 1 1 9 | | LP(R m ) ) 

(2.5) 

here C is not depend on /, g. 

Lemma 2.3 Suppose F : R 1 i — > M 1 is a smooth function satisfies F(0) = 
O.For any integer s > 0,if for w G W s ' p (W n ), 1 < p < oo and Hu^Loc^m) < 
z/ ,then F(w) G W s ' p (R m ) and 

||-F(w)llw' p (R m ) < C||F|| c < S ([_ V0)l/0 ])(l + ||w|||oo( M m))||i«||M/ s .p(R m ) (2.6) 
here,C is not depend on F, w. 

Corollary 2.4 On a closed Reimainnian manifold (M, g), replace M m by M 
in the hypothesis of Lemma 2.1-2.3, then the corresponded result becomes: 

(!) I|V%||lp(m) < ^lkllW(M)lkllL9(M) 

( 2 ) \\V S (fg)\\ L r(M) < C(\\f\\ L p( M )\\g\\w°<i(M) + ||/||w s .9(M)||fi'|Up(M)) 
II V S < V/, V# > g \\hr(M) < C(IUHun.P(M)||S , ||w/ s + 1 .9(M) 

+ \\f\\w°+ 1 >i(M)\\g\\w 1 >P(M)) 

(3) \\F(w)\\ W s,p {M ) < C||F||c«([-^,^])(l + lk||co (M ))lklk^(M) (2.7) 
here C also relates manifold M. 

Convention 2.5 Here, W k '°°(M) which appears in the above understood 
as C k (M), namely || • \\ W k, x ^ M) = \\ ■ ||c*( M )- 

Proof of Corollary 2.4 The proof of (1)(2) are similar, we only prove 
(1). Since M is compact, M has finite partition of unit,namely {{U-i, ipi)}f=n 
Ya=i <Pi = !> V? > °j e C°°(M), sitppt^ C L^. Since 

n £ 

||^|| W n,, ([7i) < C{^2^2\\V k u\\ r Lr{Ui) ) 1/r 

1=0 k=0 

n 

< CC£\\V k A r L r m ) l ' r 

k=0 

< C\\u\\ Wn ,r {M) (2.8) 
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by Lemma 2.1 and the norm equivalence on [/j, namely || • with the 

metric g equivalence to || • || Ws , P ({/.) with the standard Euclidean metric. One 
has 

\\W J (ipiu)\\ L p {Ui) < Cll^uH^r^ll^iull^.) (2.9) 
therefoce, using (2.8) (2.9), 

N 

||V j m||lp(m) < ll VJ (^ M )IU p (^) 
1=1 

N 

< H' U llvK n ' r (M)ll n llL9(M) 
i=l 

< C'||ti||^„,r( M )||M||^ ( a M) (2-10) 

This gives the result. To (3) the proof is similar to Lemma 2.3 since (1) is right. 

Remark 2.6 If the hypothesis of Corollary 2.4(1) becomes 1 < j < n, 1 < 
q, r < oo,p E R, i=i < a < 1, \ - ^ = a(± - + (1 - a)\, then (2.7)(1) 
becomes, 

||V j u||lp(m) < C'||M||^„,r (M) ||M||^ 1 a 9{M) (2.11) 

and with the similar exceptiomif 1 < r < oo,n — j — ^ is a nonnegative 
integer then the inequality hold only < a < 1- 

At last,we refer the following Lemma which is need in section 5. The detail 
proof can be found in [Zheng] chapter 3 pl03. 

Lemma 2.7 Let B, B* be both Banach space, and B is the dual of 
B*. Suppose 1 < p < oo and u n — > u weakly star in L p ([0,t], B),u' n — > u' 
weakly star in L p ([0, t], £?),then u n (0) — > u(0) weakly star in B.H.ere,u' n ,u' 
are the derivation in the meaning of distribution(or current). 



3 Induced Equation 

The hypothesis of (M, g), (N, h), p as in section 1, X = M x iV,then g + h 
is the product metric on S.Then one can construct a new metric K = p n g + 
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p~ m h.To some point P,let and {|/ a }a=m+i be the normal coordinate 

on (M,g) and (N,h),we conserve that i,j,k,--- G {1 • • • m}, a, (3, 7, • • • G 
{m + 1 • • • m + n} and A, B, C, • • • G {1, • • • , m + n}.So, 

9ij {P) = 5 tJ ; T*(P) = 0; h a p(P) = 5 ap - T^(P) = (3.1) 

with this coordinate, 

Kn = p n gij - K a p = p- m h af3 ; K ia = (3.2) 

Denote (g ij ) , {h ap ) , (K AB ) the inverse matrix of {gij),{h a p),{K AB ) respec- 
tively.And denote T BC , T^-, the christoffel symbols to K, g, h respectively. 
At point P, 

f = ^, 9K A c 9K B c _ dK AB 
ABC 2 dx B 8xa dx c 
~ 1 dK ik | dK jk dKjj 

ljfe 2 dxj dxi dxk 

1 dp n dp n dp n 

then, at point P, 

m m 

1=1 1=1 
~ 1 a/i-, \b P " 

T '" = 2 ( -a^ ) = -2^ (3 ' 6) 

m+n m+n ~\ f) n 

E £ ^(-^)^ (3-7) 

0j* (3.8) 



cy'fc 



/3=m+l /3=m+l 
1 di^-fc 1 dp n 



2 dy a 2dy a 

= E rt ... = ^ (3-9) 



^ " 2^"-2^T^ (3 - 10) 
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5=m+l 1 

~ 7 1 dlnp~ m dlnp' m V? dlnpr™ s 

(3.12) 

r< ** = 2 ( "^r } = ~2-^r hap (3 - 13) 

= E^ r ^ = ^"E^(-o4-)^ ( 3 - 14 ) 

Using (3.5) and (3. 11), at point P, 

m+n m m+n 



A=l fe=l /3=m+l 

E fc 1 dlnp n dlnp n dlnp n ndlnp~ m 
lk + r~d^~ + m ~fa l d^~' + 2 dxi 

k=l 
m 

k=l 

Similarly (3.9) and (3. 12), at point P, 

m+l m+n 

= E C = ° ( 3 - 16 ) 

A=l 0=m+l 

In what follows, compute the Ricci curvature of point P. Denote Rabi Rij, Rap 
the Ricci curvature of K, g, h, 

m+n o-pC m+n rypC m+n m+n 

= E If - E If + E fS s fg c - 5: f s c f£ D (3.i7) 

C=l C C=l B C,D=1 C,D=1 

First, compute Rij,hy (3. 5), (3. 7), at point P, 



k=l J 

~ giJ< V hP m+n ,V h lnp n > h (3.18) 

Here, denote A 9 , the Beltrami-Laplace operators to (M,g), (N, h) respec- 
tively. Use V g , V/j as the covariant derivation to M, iV,and < •, • > g , < •, • >h 
as the metric g, h.And using (3.15), 

m+n RVC m FIT* 

C=l J fc=l J 

By (3.15) and (3. 16), at point P, 

m+n m m+n m+n m+n 

Efgfg = EE f S f &+ E E f Sf2c = o (3.20) 

C,D=1 fc=l C=l a=m+l C=l 

m+n m m m+n m m+n 

r^f^, = E f k u Y l jk + E E r^fj- a + E E f * a f ° k 

C,D=1 k,l=l 1=1 a=m+l k=l a=m+l 

m+n 

+ E rift? ( 3 - 21 ) 

«,/3=m+l 



Using (3. 5), at point P one has, 



m 



fc,Z=l fc,J=l * 1 s=l s 



1 <9/np™ <9/np n <9/np n 
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1 ^ dlnp n dlnp n din p n dlnp 11 din p n dlnp 11 



axj ox, ax; ax,- ax^ ox 

k,l=l J J 

dlnp n dlnp 11 dlnp n dlnp n dlnp 11 dlnp n 

I — z z oi k bji H — d ik dji OuOji 

OXi OX k OX\ OXk OXk OXk 

dlnp n dlnp n dlnp n dlnp n dlnp n dlnp n 

-OlkOjk 7{ 7{ OikOjk H ^ K OilOjk] 



OXi OXi OX\ OXi OX k OX\ 

= I [(m+2) ^-^-- 2lv ^ nl ^' ] (3 - 22) 

Here,to a smooth enough function u, |V s it|g = YlTj=i iuV jU. Using (3.7) 
and (3. 9), at point P, 

m m+n m m+n 1 £) n i ai n 

E E m» - E E ^-1)%-/^ 

1=1 a=m+l 1=1 a,/3=m+l ap a 

= -\p m+n 5 l3 \V h lnp n \l (3.23) 
Here,| V h u\ 2 h = ^™jl m+ i h a(3 V a uV /3U,so,at point P, 

m m+n 

E E rtf« k = --p m+n 5 t] \V h lnp n \l (3.24) 

k=l a=m+l 



By (3.11),at point P, 

m+n m+n 1 _ m _ 

2^ Wj/J - 2^ 2 Q/3 ftr, 2 a/3 

a,/3=m+l a,/3=m+l 

n dlnp~ m dlnp~ m 



4 <9xj <9xj 



(3.25) 



Insert (3.22)-(3.25) to (3.21),at point P, 



m+n 

C,D=1 1 



1 

OXi OXj 

-2p m+n 5 tJ \V h lnp n \l + n 



m+njr lv7 , n|2 , ^ 9ln P ™ 9ln P~ 



dxi dxj 



i{n(nm + 2n + m 2 )|^|^ - 2\V 9 lnp n \% 
-2p m+n \V h lnp n \ 2 h 5 l3 } (3.26) 
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By (3.17)-(3.20) and (3.26),at point P, 

h — 1 -* 



k=i " k=l 



-\g* < V.p m+n , V fc Znp" > fc -i{n(nm + 2n + m 2 )^-^ 
-2\V g lnp n \% ~ 2p m+n \V h lnp n \l^} 



d 2 lnp n 1 . 7 _ 1 



m + n^ m+n |v7 ; _ |2 l_ f i o i 2 ^dlnpdlnp 



-gijP m+n n\V h lnp\ h - -n(nm + 2n + m )■ 



77^ 77^ 

+y|V g M^ + y |V/>p|^-p m+n (3.27) 
Using (3.2) and (3. 27), at point P one has, 

m 

£ = p""^ + p-"A 9 Znp" - ^p-"A 9 /np" - ^p m A h lnp n 



2' y ' 2 

77172 Tl 

■—mp m \V h lnp\ 2 h - -p~ n (nm + 2n + m 2 )\V g lnp\ 2 
2 4 



mn 



2 



^^-|V ff /npl 9 P 



2 „-n 



2 

YY) YJ1 

= p- n R g + -^-p^A 9 lnp n - -p m A^np n 
--(-ran + 2n + m 2 )p~ n \ V g lnp\ 2 g 

-^p m \V h lnp\ 2 h (3.28) 

Here,R g , Rh denote the scalar curvature of (M,g), (N, h). Since the position 
of g and /i are symmetry,interchange g and /i,p and p _1 ,m and n of (3.28) at 
point P,one has, 

rn+n _ 

£ K al3 R a p = p m R h + —^(A h lnp~ m )p m -^ p -A g lnp- m 

a,/3=m+l 

(-nm + 2m + n 2 )p m \V h lnp\ 2 h 



n 2 m 



p- n \V g lnp\ 2 g (3.29) 
11 



Take R as the scalar curvature of (E, K),then at point P,by (3. 28), (3. 29) and 



m+n 



R=J2 Rij ^ + KaP R*P (3-30) 

i,j=l a,/3=m+l 

one has (1.1), and let p = e 2n , where u is a smooth enough function on E.Then 
one has, 

R = e - 2nu R g + e 2mu R h + 2ne- 2nu A g u-2me 2mu A h u 
-n(nm + 2n + m 2 )e~ 2nu \ V g u\ 2 g 

-m(nm + 2m + n 2 )e 2mu \V h u\ 2 h (3.31) 



Since,the left and right hand sides of the above equation both are not de- 
pended on the choice of local coordinates on S,then it is a equation on man- 
ifold. If n = 1, simplify it, then one obtains 



R = e -' u Rg + e' mu R h + 2e- Zu A g u-2me 2mu A h u 

-[m 2 + m + 2)e- 2u \V g u\ 2 - m(3m + l)e 2mu \V h u\ 2 h (3.32) 



Since n — 1, N becomes a curve. Suppose t be APs arch length parameter,then 
write u as u(x, t).So with this parameter, one has, 

3 d d 2 u du 

By (3.32)(3.33),one obtains (1.2). Here, we take the conservation that A = 
A 9 ,Vii = V g u, \Vu\ 2 = \V g u\ 2 ,< ■,■ >=< •,• > 9 .And the following para- 
graph holds the conservation. 



4 Prior Estimate:Energy Estimate 

The idea of the energy estimate used here is inspired by [Smith&Tataru] .Let 

F(u,v) = h-e- 2mv R + e- 2{m+1)v R g 

-{m 2 + m + 2)e' 2{m+1)v < Vv, Vu > -m(3m + 1)^4.1) 
In this section, consider the prior estimate of the following equation, 

mu tt - e~ 2 ^ m+1 >Au = F{u, v) (4.2) 
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when u = i>,(4.2) becomes to (1.2). Here, suppose (M,g) be a closed Riemain- 
nian manifold of m-dimension.J = [0, T] is a interval of length T.And u,v G 
C s+1 (Mx/),s > f +1. First estimate ||me 2 ( m+1 >V- V-AV'-^ll^^here 
\<l< s.Then,by(4.2) 

= [e 2 ( m+1 >V , - 1 F(«, u )] + [ e 2(™+i)»v'- 1 (e- 2 ( m+1 >AM) - V ,_1 Au] 

+[V l ~ 1 Au- AV' _1 fx] 
= I + 11 + III (4.3) 

In what follows, estimate /, 77, J/J respectively. 

||/|b (M) < Ce c|IHI ^w||V^ 1 [-e" 2m?, J R + e- 2(m+1),; J R 9 

-(m 2 + m + 2) e - 2{m+1)? ' < Vv, Vw > -m(3m + l)v tUt ] || L 2 (M) 

(4.4) 

By Corollary 2.4 and Sobolev embedding theorem, H S ~ 1 (M) ^ C°(M) one 
has, 

\\V l -\e-^R)\\ L , {M) 

< ||V , - 1 [(e- amw - 1)£]||l 2( m) + HV'-^IU^m) 

< C(||e- 2 ™ - l|| C 0(M)|| J R||^-i(M) + lie 2 ™ - 1||^- 1( M)PI|C0(M)) 

+ ||V'- 1 J R|| L2(M ) 

< C \\e- 2 ™ - l|| ff .-i ( M)||^||H.-i(Af) + IIV'-^IU^m) 

< C\\e- 2mw - 1|| Cs -i HH | c0(m)) | H | c0(m)] (1 + ||u||^( M) )||u||fr.-i(Af)||-R||H-i(M) 
+||V'- 1 ^|| l2 (m ) 

< Ce c\M c0(M){1 + ii^n^^)!^!!^-,^) 

< Ce CM *--HM)\\R\\ H .- HM) (4.5) 
Similar, 

\\V-\e~ 2 ^ v R g )\\ LHM) < Ce^'-HM^y^^ (4.6) 
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Again,by Corollary 2.4 and sobolev embedding theorem, H s 1 (M) C°(M), 
H S (M) ^ C^M) one has, 

|| V l-l (e -2 (m+ l)« <Vv ^ u>) \\ LHM) 

= C\\ V'- 1 < V(e- 2 ( m+1 > - 1), Vu > || L2(M) 

< C(||e- 2 ^ +1 > - l||c 1( M)lkl|^(M) + ||e- 2 ^ +1 > - l||ff« (M) |M|ci(jo) 

< C\\e^ m+1 >-l\\ H s {M) \\u\\ H s {M) 

< Ce MH 'M\\u\\ H . {M) (4.7) 
the last step is similar to (4. 5). And 

|| V ,-1 (utU t )|| L a (Af) < C , (||u t || H i-i (Af) ||u t || O W + ||ut||oO(M)IKIlH«-i(M)) 

< C\\vt\\ H s-i (M) \\ut\\ H s-i (M) (4.8) 

Conservation that, 

A s = \\R\\ H -HM) + \\Rg\\H-HM) (4.9) 

Then,by (4.4)-(4.9) and H S -\M) C°(M), one has, 

||/||l 2( m) < Ce c(l ^ ll -w +ll "' ll -- 1 (M))(A s + h||^ ( M) + KIIh-i^) ( 4 - 10 ) 

For II, 

\\II\\ L , m = H^^V'-^e-^^A^-V'^Aull^^ 
= || e 2(m+i)« V'(e- 2 ( m+1 >)V J 'A M || L2(M) 
j+i=/-i,i>i 

< Ce CHHI c 0(M) ^ || V i( e -2(m+l)t, _ l)V^'Au|| L 2 (M) 
j+j=/-l,i>l 

(4.11) 



For fixed i,j, let, 



/-II 1 1 
V = — r, 9 = T— , — + — = -, 4.12 
i — 1 j + 1 2p 2g 2 



Then, 



2p m /-l l 2 m J '2g m /-l l 2 m j 1 ' ' 
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Using Holder inequality, Corollary 2. 4, Remark 2.6 and Sobolev embedding 
theorem,one obtains, 

||VV 2(m+1> -l)V J A w || L2(M) 

< || V *(e- 2 ( m+1 > - l)\\ L z P{M )\\V j Au\\ L 2 q{M) 

< C\\V\e-^ m+l > - l)\\ L i P{M )\\V +2 u\\ L ^ M) 

< (l\\ P - 2 ( m + 1 ) v - 1 1I ||p- 2 (" l + 1 )« _ 1 1| i- 1 lU/H'- 1 || ? /|| 

i-l , s t± 3 + 1 1-3-2 

< a\\p- 2 ( m+1 ) v - I II II — 2(ttt.-(-1)^ _ I || i-i || 7/ ||I-l |L.|| i-l 
— L \\H>>(M) H e 1 H// s (M)ll u 'llH''(M)ll u ll_ff s (M) 

< C||e- 2(m+1) "-l||^ w |k||^ ( M) 

< Ce c|H| c°(M)|| v || Hs(M) ||n|| Hs(M) (4.14) 

Then, 

||/J|| i2(M) < Ce c ^co ( M )MHs{M)M 

H S (M) (4-15) 
For J/J, denote B ix ... ik = Vj fc • • • V^it, by the Ricci identity, 

A; m 

(VpVg - V q V p )B h ... ik = -^y^ i?p^Sj 1 ... it _ init+1 ...j fc (4.16) 

t=l ra =l 

here, all index take values in {!,-•• , m},then direct computation gives, 



rre k 

= A'VjB il ... ik — ^ ] 9 PqJ ^p-^jQi t ^ii—it-ir>'i 1 1 

p,q,n=l t=l 

m k m k 

^ ] 9 Pq Rjqi t J ^pBi 1 -i t _ 1 ni t+1 --i k ~ S^Rjpi^ ' q-^ii—it-init+iik 
p,q,n=l t=l p,<jr,ra=l t=l 

m 

- E 9 P9 R] P qV n B h .., k (4.17) 

From (4. 17), one can obtain, if < fc, 

||V*(VA5-AV5)|| La(Af) < C||«|| Hfc+i+1(Af) (4.18) 
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here, C is a positive constant depended only on manifold M,then iterate 
(4. 18), one has, 

||VAV'- 2 m - AV'-^H^j^ < C\\u\\ H i-, {M) 
||V 2 AV^ 3 «- VAV^ 2 w|| L 2 (M) < C||«|| HJ -i (Af) 



HV^Au- V l - 2 /\u\\ L 2 {M) < C\\u\\ H i-i {M) (4.19) 
adding the left and right hand sides of (4. 19), then one obtains 

||///|| L2(M) < C\\u\\ H s {M) (4.20) 
By (4.3) (4.9) (4. 10) (4. 15) (4.20) and Sobolev embedding theorem one obtains, 
|| me 2(nH-i> v *-i^ _ AV'-^IU^m) 
< Cie c 2 (||,|k s( M)+lhlk s _ l( M)) (74s + \\ U \\ HS(M) + \\ Ut \\ H s-, {M) ) (4.21) 

here,Ci,C2 are positive constants depended on s, manifold M,not depended 
on R, u. 

Then we do energy estimate. One can introduce the following energy func- 



tions: 



and let, 



Obvious, 



E[ l \t) = - f [\V l u\ 2 + me 2{m+1)v \V l - l u t \ 2 \dV ( 4 - 22 ) 
2 Jm 

E<i\t) = - [ [e- 2 ( m+1 >|V^| 2 + m|V^ t | 2 ](iy (4.23) 
2 Jm 

E s (t) = £>{ (*) + E?(t)) + \ [ \u\ 2 dV (4.24) 
i=i 1 Jm 



\\u\\h'(m) + IKI|H-i(Af) < C(E 8 (t))* (4.25) 
To (4. 22), take derivation respect to i,by (2.2) one has, 

^-E?\t) = [ [<Vu t y U > +m(m+l)e 2i - m+l ^v t \V l - l u t \ 2 
at J M 

+me 2{m+l)v < V l - l u t y~ l u t t >]dV 

< C\\v t \\ c o m E?\t) + I [<V l u t ,V l u> 

Jm 

+ < V'~ V meJKiJ'v'-^ >]dV (4.26) 
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Since M is closed,/ M div < V l ~ l u t , W^u > dV = O.This implies, 

/ < Vu u V l u> dV = - [ < V l ~ l u u AV l ~ x u > dV (4.27) 

JM JM 

then, by (4. 26), and Holder inequality, 

< C\\v t \\ c o {M) E{ l \t)+ [ <V l - l u u me 2{m+1 >V l - l u tt -/\V l ~ 1 u>dV 

JM 

< C\\v t \\ c o m E{ l \t) + ||V i - 1 « t || La(Jl0 ||me 2 (' n+1 >V , - 1 u tt - AV 1 ' 1 ^]^ 

< C\\v t \\co {M )E[ l \t) 

+ Ce CM o^M ) \\ me ^+i)v V ^i Utt _ AV / - 1 n|| L2(M) ( J E{ (t))5 (4.28) 

Similar, 

= [ [-e- 2im+1)v (m + l)v t \Vu\ 2 + < e- 2{m+l)v V l u, V l u t > 

JM 

+ < V^ut.mV^uu >]dV 

< C\\v t \\co { M)E?(t) 

+ [ [< V'-^.mV'-^ > - < V , - 1 u t ,e- 2 < ro+1 >'AV , - 1 u >]dV 

m 

e -2(m+l)v < ^ ^- v _ uV ^ v ,_i Uj v ,_i^ > rfy 

< C||^|| c o W ^ (t) + ||V'- 1 M t || L2( M)||mV'- 1 Mti - e- 2 ^ +1 >AV'- 1 M|| L2{ M) 

m 

< C\\v t \\co {M )E^(t) 
+ Ce CM c°^\\me 2{m+1)v V l - l u tt - AV'- 1 n|| L 2 (M) (Ef (t))* 

+ C e C ll^lcO(M,||Vt;|| c; o (M) ||V^|| L2( M)||V^ 1 ^|| L2( M) 

< Ce^'^wd^Hco^ + ||V^|| c o (M) )£;«(t) 
+ Ce c ll J 'llcO(M) || me 2(m+i)^ v z-i^ t _ AV^ 1 M|| L2(M) ( J Bf(t))5 (4.29) 
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+2(m+l) / 

JM 



Using (4.28) (4.29), one has 

jE s {t) < Ce^^wdKllco^ + UVvlIco^))^^) 

s 

+ Ce CM ^iM) \\me 2{m+l)v V l ~ l u tt - /\V l - l u\\ L ^ M) {E s {t))^ 
1=1 

+ / uu t dV (4.30) 

J M 

By Holder inequality, 

/ uu t dV <CE s {t) (4.31) 
then by (4.21) (4.25) (4.30) (4.31) and Sobolev embedding theorem,one obtains 

< Ce CM oHM){i + |H| c o (M) + ||Vv||co ( Af))^(*) 
+Ce c(||,|| ffS(M ) + l|, t || ffS - 1(M) ) (As + || M ||^ (M) + || Mt ||^_ 1(M) ) (£ ; s (t))^ 

< Ce C(\\v\\ H s (M) + \\v t \\ H s- HM) ) {As + || W ||^ (M) + ||^|| HS - 1(M) + (E s (t))i)(i? s (t))5 

< Ce c(IHlH-(M)+ll«t|| HS -i (M) )( As + (E,(t))*)(E 8 (t))* (4.32) 
Then obvious, 

< C l e C2iMlHS ^ +lM ^- 1 (M))(A s + (E a (t))*) (4.33) 

here,Ci,C 2 related to manifold M and s.Then using (4.33),one has the fol- 
lowing Proposition. 

Proposition 4.1 Suppose (M,g) be m-dimensional closed Reimainnian 
manifold, and / = [0, T] be a interval of length T.Let u,v G C S+1 (M x I),s > 
Y + l,and u, v satisfy (4.2) then: 

(i)If exist a positive constant £> > 2y / 2[l + (E s (0))^]. There is t > which 
is related to manifold M,s, \\R\\ c o(i t H a ~ 1 (M))i D, E s (0), such that 

\\v\\h"(m) + \\v t \\H^(M) < D (4.34) 
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held in < t < t implies 

||m||h»(m) + IKI|fp-!(M) < D (4.35) 

held in < t < t 

(ii)If u = v which means u satisfy (1.2), then exist t ,C > such that 

IM|tf«(Af) + |K||h«-i(m) < C (4.36) 

holds in < t < t . Here, to, C relates to manifold M,s, \\R\\ c o(i i h s - 1 (m))i E s (0), 

and C also relates to to. 

Proof (i) Using (4.9) and (4.33), 

j- < C 3 e c ' 2 (^ll« s w + ll 1 "ll^- 1 (M))( 1 + ( jBs (t))|) (4.37) 

here, C3 related to manifold M,s, and extra ||i2|| c o(7 ^-l^^.Take to, such 
that 

2V2[1 + (E s (0))^}e C3eC2Dto < D (4.38) 

Then in < t < t , 

j t mt)) 1 < C 3 e c * D (l + (E s (t))h (4-39) 
Integrate (4.39) one has, 

< [1 + (£,(0))^^ < JL (4.40) 

This implies the result by (4.25). 
(ii)Let v — u in (4. 37), then 

|(£ s (# < C 3 e c ^^ (4.41) 

Integrate it, 

e -c 2 ( Es (t))i > e -c7 2 ( Ss (0))^ _c 3 c 2t (4.42) 
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C 2 (B S (0))2 



Hence, when to < - — — ,one has, 

< £-ln 1 (4.43) 

This gives what we want. 

Proposition 4.2 Suppose (M,g) be m-dimensional closed Reimainnian 
manifold, whose scalar curvature is zero, and / = [0, T] be a interval of length 
T.Let u,v G C S+1 (M x J), s > f + 1. u,u satisfy (4.2),and 0) = 
iit(x, 0) = to any x G M.Then to any given positive constant Z), exist 
constant e > which depends on manifold M,s,D, such that 

IM|jf(Af) + IHIjt— < ^ (4-44) 

held in I implies 

IMIfp(M) + \\u t \\H^(M) < D (4.45) 

held in / when ||.R|| #s-i(M) < e - 
Proof Take e satisfying 

ee— < ^ (4,6, 

here,Ci, C 2 are constant of (4. 33). Since R g = 0,A S = \\R\\h s - 1 (m), so by (4.33) 
and (4.44), 

j t {E s {t))± < C x e^ D {e + {E a {t)) h ) (4-47) 



Integrate (4.47) 



and using (4. 25), then one gets the result. 
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5 Linear Equation 



In this section we consider the linear equation (1.3) on the condition: 

u(x, 0) = <p(x), u t (x, 0) = ip(x) (5.1) 

here, (M,g) the m- dimensional closed Reimainnian manifold, / = [0,T] in- 
terval of length T,and a, a, /3,7,/ G C°°(M x I), <p, ip e C°°(M), and exist 
positive constant L,such that j < a < L.ln what follows, we discuss the 
existence and property of the solution. If M is a domain of IR n , then the fol- 
lowing results are classical in linear hyperbolic equation(c.f.[H6mander] and 
[Xin]).We follow their method. First, give some prior estimates. Multiple u t 
in (1.3), and integrate on M. Since M is closed, one has, 

lj t (ht\\h {M) + J^alVufdV) 

< \\f\\L^M)\\u t \y { M)- [ u t <V(a-P),Vu>dV + C [ \Vu\ 2 dV 

J M J M 

+C\\u\\ L 2( M }\\u t \\ L 2( M ) + C||M t || £2 ( M ) (5.2) 

Using, 

imi!2(m) < / \\ u t\\h( M ) dr + y\\h(M) ( 5 - 3 ) 

Jo 



one has, 



l u *lll, 2 (M) + ll^ M lli 2 (M) 



< C[M 2 Hl(M) + U\\l HM) + [ (|k t || L 2 {M) + ||V«|| L2(M) + ||/||| 2(M) )rfr] 

Jo 

(5.4) 



Integrate it, one has 



\ u t\\h {M ) + \\^ U \\h(M) < C [y\\m(M) + IHIl2(M) + / \\f\\h(M) dT ] 

Jo 

(5.5) 
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Multiple — Au t in (1.3), integrate on M,and using (5.3) (5.5) W k ' p estimate of 
elliptic equation, one has, 



l|V^||i 2(M) + y||A M ||i 2(M) + 2 ! (Au)fdV 

*-* J M 



< C[\\<p\\ + \\f(0)\\h m + / (\\ft\\h m + \\f\\UM) 

JO 

M\&u\\h(M) + \\Vu t \\ 2 LHM) )dT} (5.6) 
Using the inequality 2f M (Au)f < ^||Au||| 2(M) + C\\f\\\ 2{M) and, 

ll/(*)lli» ( Ao ^ /"ll/*WllW r +ll/( )lli»w ( 5 - 7 ) 

Jo 

One has, 

l|V^||| 2(M) + \\Auf L 2 {M) 

< C[||^||^ (M) + ||V||^ (M ) + ll/(0)||i 2 (M)+ / (ll/*lli 2( M) + l|A«||| 2(M) 

•/ 

+\\Vu t \\l HM) )dr} (5.8) 
Integrate it, 

+ 11/(0) ||| 2( M) 

+ / \\Ml H M)dr] (5.9) 
Jo 

Take derivation to t in (1.3), and multiple u tt in it, integrate on M, using 
(5.3) (5.5) (5.7) one has, 



htt\\h {M) + llv« t ||i 2(M) < c[|M|^ 2(M) + IMI^(M) + ll/(o)||£ 2(M) 

+ / (\\Ml H M) + \\^\\h(M))dr] (5.10) 
Jo 

Using (5.3)(5.5)(5.9)(5.10),one has 

2 

yi ikiiw.^a^-HM)) < c[\\(p\\ 2 H 2 (M) + \\ip\\ 2 H i(M) + ii/(o)iil2( M ) 

i=0 

+ [ T \\Ml H M)dr] (5.11) 
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Here, C is a constant depended only on manifold M, L, T, a, a, (3, 7. 

Then, use the Faedo-Galerkin method to give the existence of (1.3). Let 
Ao, Ai, • • • be eginvalues of laplace operator on Reimainnian manifold M,and 
Wi be corresponded eginvectors,namely Awi + \wi = 0,i G {0, l,---}.By 
Chapter 3 p87 of [Schoen&Yau],one knows that Wi which are smooth func- 
tions on M are complete standard orthonormal basis of L 2 (M) and also are 
complete orthogonal basis of H l (M), and A > O.Then we give approximate 
sequence u n (x,t) = Y^=o Vi(t) w i( x ) what follows, we denote (,) the inner 
product of L 2 (M). Consider 

((u^u^Wj) + (a(u n ) t ,Wj) - (aAu n + < Vf3,Vu n > +~fu n ,Wj) 
= (f,Wj),0<j<n (5.12) 

By the expenssion of u n , 

n n 

r)"(t) + ^2(au>i, Wj)v'i + ^2(aXiWi- < V/3, ViVi > -jWi, Wj)r]i 

i=0 i=0 

= fj :=(f, Wj ),0<j<n (5.13) 
and on the condition, 

7^.(0) = ipj := (<f,Wj), rj'jiO) = V>j := {$,Wj) (5.14) 

This means 

n n n 

u n(0) = ^2r]i(0)wi = ^2(piWi,u' n (0) = ^ipiWi (5.15) 

i=0 i=0 i=0 

So, let Aij(t) = (aXiWi— < Vf3,Vwi > —~fWi,Wj),Bij(t) = (aWi,Wj), then 
(5. 13) (5. 14) give a linear ordinary differential system with initial data. By 
the theory of ordinary differential equation. (5. 13)(5. 14) have a unique smooth 
solution (7/0,- • • , rj n ). 

Obvious, u n (0) — > ip in L 2 (M),u' n (0) — ► ip in L 2 (M).Then using the 
closeness of M, 

00 

IMItfi(M) = (V - Av?,v?) = + Xi)\^i\ 2 < +00 (5.16) 

i=0 

This implies u n (0) — ► ip in H\M). Similar u' n (0) — > ip in H 1 (M).Aad 

\Mhhm) = y](l + A;)N 2 + / <-AV<p,V<p>dV (5.17) 
i=o Jm 
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By the Ricci identity, 

/ < - AVy?, Vc/? >dV = / [< - VAy?, Vc/? > 

J M J M 

m 

i,j,p,q=i 

(5.18) 

Hence,£~ (l + X { + X 2 )\(p\ 2 < C||^||^ 2(M) .And,similar 



(0) - vWIhm) < ]T (1 + A, + X 2 )\ Vl \ 2 + C\\u n (0) - tp\\ 2 Hl(M) — > 

(5.19) 



it. 

I ■-\ / i IliJ I i VJ I 

j=n+l 



when n — > oo.Then u n (0) — > <p in H 2 (M). In (5. 12), multiple r^-,and sum 
up j from to n;multiple Xjrfj, and sum up j from to n;take derivation to 
t then multiple rfj and sum up j from to n, similar to (5.11) one obtains, 

2 

^2 \\Un\\wi<°°{I,H*-i(M)) < C[\\ip\\ 2 H 2 (M) + HV'll^i(M) + II/(°)IIl2(M) 
i=0 

+ [ T \\ft\\h(M)dr] (5.20) 
Jo 

This means u n are uniformly bounded in f] i=Q V0'°°(i", # 2_i (M)).So exist 
some u G ff i=Q W^°°{I, H 2 -\M)), and u n — ► u weakly star in L°°(J, H 2 (M)); 
(u n )t — ► «t weakly star in L°°(I, ff^M)); (u n )« — ► w tt weakly star in 
L°°(I,L 2 (M)). This means ((u n ) tt ,w j )+(a(u n ) u w j )-(aAu n + < V(3,Vu n > 
+7M n , Wj) — > ((«)«, Wj) + (au t , Wj) — (aAu+ < V/3, Vit > +7«, lUj) weakly 
star in L°°[0, T]. Hence u is the solution of (1.3). And by Lemma 2.1, u satisfies 
(5.1). So one has 

Lemma 5.1 Suppose / e W 1 ' 00 ^, L 2 (M)),a, a,p, 7 e C°°(M x I),(p,ip £ 
C°°{M), then there is a unique solution of (1.3) (5.1) in f|f =0 H 2 ~\M)) 
and it has prior estimate (5.11). Here, (M,g) is a m-dimensional closed 
Riemainnian manifold, I — [0, T] is a interval of length T. 
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In what follows, we discuss the regularity of the solution of (1.3). This 
comes from the following Lemma. 



Lemma 5.2 The hypothesis of M, I are same to the above Lemma. And let 

\/N e N,N > 2,a,a,/?,7 G C°°(M x I),<p,ip G C°°(M)J e W^I, 
H N - 1 - i (M)),thea the solution of (1.3)(5.1) u E f|i W^I, H N ' i (M)),and 
u satisfy the following inequality: 

N 

+ 11/(0) \\ 2 H »- HM) 

i=0 

+ / E IIS/IIh^-W) (5.21) 

^0 i=l 

here, Cat depends only on TV and manifold M, L, T, a, a, (3, 7. 
Proof We use induction to prove this Lemma. When N = 2, this is the 
result of Lemma 5.1. Then one suppose this is true of case iV,and consider 
the Lemma of case N + l.Take derivation to t in (1.3), and denote v = w^then 

Vtt + av t — (aAv+ < V/3, Vv > +7f ) 

= f t - a t v + a t A(ip + / vdr)+ < V/3 t , W(ip + / vdr) > 

Jo Jo 

+7^ + [ vdr) (5.22) 
Jo 

Introduce the following approximate sequence {v q }'^ =Q , 

(v q +i)tt + a(v q+1 ) t - (aAv q+1 + < V/3, Vv q+1 > +7^+1) 

= ft - a t v q + a t A(ip + / v q dT)+<VPt,V(<p+ / v q dr) > 

Jo Jo 

+7t(^+ / V T ) (5.23) 



on the condition that vq = 0, v q+ i(x, 0) = "0(x), 0) = /(x, 0) — 

a(x, O) , 0(a;) +o;(x, 0) A<p(x) + < V/3(x, 0), V<^(:r) > +7(2;, 0)</?(x). Then using 



25 



(5.21)(5.23),one has 

N 

E W&tiVq+l -V q )f H N- i{M) 



i=0 



< C N Y] \\d l t [-a t (v q - Ug_x) + a t A / (v q - v q ^dr' 
Jo i=1 Jo 

+ <VA,V/ (vg - v q ^i)dr' > +7t / (v, -u,_i)dr / ]||^ iV _ i _i (Af) dT 
Jo Jo 

(5.24) 

Since,when i > 1, g > 2, 

||a?[a t A / (u,-v,-i)dr']||^ iV _ i _i (M) 
Jo 

< E^ / K-^-l)^']llH^-+i(M) 

i /i^; 

^ E / " / II d t / K-^-i)^1ll^- i+ i( M ) rfr i---^-j 

„_n JO JO JO 



< C N [ \\dr\v q -v q ^)f HN . i+i{M) dT (5.25) 
Jo 

Similar estimate is right to the other three terms of (5. 24). Then using (5.24) (5.25), 
one has, 

N t N-l 

Eii^+i-^)ii^-(M) < c n E ii^K-^-i)ii^- i( 4 5 - 26 ) 

i=0 ^ i=0 



Denote = Xlilo 1 ll^(%fi _u ?)llff"-i(M)' the above equation gives 

— Cn Jq h q (t)dr, and denote C(T) = H^Hl^^t] -Then by iteration, one can 

obtain h q+1 (t) < C{T) {C £^ly -This implies: 

Ell^K + i-^)||^- l(M) < C(T)^^- (5.27) 
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Then,{f 9 }°^ convergence to some v in H^o W h °°(I, H N *(M)),and v sat- 
isfy (5.22) with the condition u(0) = ip,v'(0) = /(0) - a(0)V> + a(0)Aip+ < 
V/?(0), Vy> > +7(0)v?.Hence,M e ^ =0 W i+l '°°(I ,H N -\M))Bj the W fe 'f es- 
timate of elliptic equation,and (1.3), one has u G f]^ 1 W^°°{I, H N+1 -\M)), 
and v satisfies, 



N 

' ll ai . . 1 1 

H N ~ i (M) 



En*-'" 



i=0 

+ 11/(0)11 H N-i-l (M) UI 

J ° i=l 

+ / ES(H^II^- 1 (M) + II^^+ / ^')ll^ + i(M))^] 
^ i=l j=0 ^ 

< C J v[||^||^ +1(M) + |^||^ w + ||/(0)||^_ lw + / ^ ||5 t 7||^- i( M)^ 

i=2 

(5.28) 

•JO , =n 



i=0 

Integrate it, and v = u t , one has, 

\\di +1 u\\ 2 H N- i{M) < C N [\\(p\\ 2 HN+1{M) + \\iP\\ 2 HN{M) + 11/(0) \\ 2 H N-i m 



i=0 

rt N 



+ I E II^/II^-hm)^] (5-29) 

and, 



i=l 



H N - 1 (M) — 



■t 

2 



\\ft\\l»- H M)dr+\\f(0)\\ 2 HN - HM) (5.30) 

Using (1.3), the lU fc ' p estimate of elliptic equation, (5. 29)(5. 30), one can ob- 
tains the inequality (5.21) in the case of N + l.This complete the proof. 

Proposition 5.3 The hypothesis of M, I as above. Suppose /, a, a, (3, 7 e 
C°°(M x J),V9> e C°°(M).Then (1.3)(5.1) have a unique smooth solution 
and it satisfies (5.21). 

Proof It is obvious from Lemma 5.1 and 5.2. 
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6 Solution of Equation in Some Cases 

The idea of this section can be found in [H6mander],[John],[Klainerman]. 
Suppose (M,g) be m-dimensional closed Riemainnian manifold,/ = [0, T] is 
a interval of length T.By Proposition 5. 3, one can introduce the Picard iterate 
sequence as follows, 

mK + i)«-^ 2(ra+lK Avi = F(u n+1 ,u n ) (6.1) 

with the condition u n+ i(x, 0) = (fi(x), (u n+ i) t (x, 0) = ip(x), ip, ip G C°°(M),Ui 
= O.Here, F is according to (4.1). Let s > y + l,and we suppose that exist 
T <T such that in [0,T], exist positive constant D satisfying,to any n, 

\\u n \\ H s+i(M) + \\(u n )t\\H°(M) < D (6.2) 

Let 

G(u,v) = [l-e 2(m+1)iu - v) ](R g + 2Au)-(m 2 + m + 2)[<\/(u-v),\/u> 

+ (1 _ e 2(m+l)(«-«)) < Vu> >] _ m ( 3m + l) e 2(m+l)« Ut ( u _ ^ 

(6.3) 

Then, 

m(w n+1 - u n ) tt - e- 2(m+1)M " A(w n+1 - w n ) 
= F(viA) - F(u n ,u n ^) + ( e - 2 (™+!K - e-^K-iJAu,, 

= i{- e - 2mu "(l - e 2ro («n-«n-i)) j R + e - 2(m+1)u "GK,u n _i) 

-(m 2 + m + 2) e - 2(m+1)M " < V« n , V(«„ + i - u n ) > 

-m(3m + l)(u n ) t (u n+1 - u n ) t } (6.4) 

with the condition that (u n+ i — u n )(x, 0) = (u n+ i — u n ) t (x, 0) = 0.So,we re- 
place u, v, R, R g by u n+ \— u n , u n , (1 — e 2 ™^™ - ""- 1 ))^, G(it n , u n _i) respectively 
in (4.1), using (4. 9), one has, 

A s = \\(l-e 2m ^ u ^)R\\ H s- 1{M) + \\G(u n ,u n ^)\\ H s- 1{M) (6.5) 

and using (6. 2), and Corollary 2. 4, and Sobolev embedding theorems, 

||(1 -e 2m ^-^)R\\ H s- HM) 

< C\\l -e 2m ^-^\\ H .- HM) \\R\\ H .-i m 

< Ce c ^- Un -^» s -^)\\ Un - u n ^\\ H s- HM) \\R\\ H s-, {M) 

< Ce CD \\u n - Un^Hs-i^R^Hs-i^ (6.6) 
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and similar, 

\\G(u n , U n -i)\\ H °-i-(M) 

< Ce \\u n — ■u n -i||^- 1 (M)(||-Rsll/f s - 1 (M) + D) + CD\\u n — « n -i||/p(M) 
+Ce \\u n - u n - 1 \\ H ^(M)D 2 + CD(1 + e ) \\(u n - u n -i) t \\H^{M) 

(6.7) 

Then,By (6.5)-(6.7), 

A s < Ce CD (D + ||-R||^-i(M) + ll-Rpll^-^M)) 

x (|| W n — W n _i || Jfs(Af) + || ( M n — u n-l)t \\h s - 1 (M) ) (6-8) 

Then,using (4.33) and (6.2), 

< Ce CD (A s + (E s (t))*) (6.9) 

here, do correspond replacement which is stated above in E s (t). Then, integrate 
(6. 9), and using (6. 8), one obtains 

\\u n — U n -l||ff s (M) + \\{u n — M n -l)t||H»-i(Af) 

< C A e Cse 6 T (.D + H-Rllcog^-^M)) + ||-R s ||h<-1(M)) 



X / (||«n - M„_i||if S (M) + || (Un - «n-l)t||ffs-i(M)) (6.10) 

here, C 4 , C 5 , C 6 only relates to manifold M and s. 

Proposition 6.1 Suppose (M,g) be m-dimensional closed Riemainnian 
manifold, I = [0,T] be a interval of length T, and £ G C°°(M x J).To 
any integer k > 2, exist < t < T,such that equation (1.2) has a solution 
u G C k (M x [0,to])>and it satisfies u(x, 0) = «<(£, 0) = -0(x).Here, 

ip(x) G C°°(M) are two prescribed functions. And t relates to manifold 
M,k,R,(p,ip. 

Proof Take s = [y+fc+1] (i.e. the biggest integer not bigger than y + fc+1 
),then H S (M) <^-> C fc (M). By Proposition 4.1(i),to any given <£, ^,take D to 
satisfies 

£> > 2v / 2[l + (Y"- / [|VV| 2 + ^e 2 ( m+1 ^|V z -V| 2 + e- 2(m+1) ^|VV| 2 
i=i 2 

+m|V'-V| 2 ]^+ - / W?dV)^} (6.11) 
2 Jm 
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then exist £i,in [0, ti],(4.34) implies (4. 35). To {u n }^ =1 which is constructed 
in (6.1), obvious D > \[Ui\[h b +MM) + ||( w i)<||h s (m) = 0,so by iteration, one has 
(6. 2). Then take to < h small enough such that, 

C A e C6eC ° DT (D+\\R\\ H .- HM) + \\R g \\ H .-i m % < 1 (6-12) 
C4, C5,Cq are constants in (6. 10). Then using (6.10), 

\\u n - Un-l||c°([0,to],H«(M)) + \\(u n - U n ^i) t \\cO([ ,t ],H^(M)) 

< C 4 e Cr ° e 6 T (D + H-RIIc'^/.^-^m)) + 1 1 1 1 if (Af ) ) *o 

X(\\u n - -Un-l||c*0([0,to],# s (M)) + \\(u n - M„_i) t ||cO([0,t ],if 3 - 1 (M))) 

(6.13) 

This implies and {(u n ) t }+~ are convergence to some u, u t in C°([0, to], 

H s (M)),C°{[0,t ],H s - 1 (M)) respectively. Obvious u n — > u in C°([0,t ], 
C k (M))f] C 1 ([0,t ],C fc - 1 (M)).By equation (6.1) K)« — > in C°([0,t ], 
C fc - 2 (M)).Then m G C 2 ([0, t ], C k - 2 (M)) and u satisfies equation (1.2).Take 
derivation to t of first order, one can finds u G C 3 ([0, to], C fe ~ 3 (M)).Then it- 
erate this step shows the result holds. 

Proposition 6.2 Suppose (M,g) be m-dimensional closed Riemainnian 
manifold which is scalar curvature flat R g = O.And I = [0, T] be a in- 
terval of length T, and R G C°°(M x J).To any integer k > 2, exist e > 
0,such that equation (1.2) has a solution u G C k [M x J),and it satisfies 
u(x, 0) = 0, u t (x, 0) = when \\R\\ H [^ +k ]^ < e.Here, e only relates to man- 
ifold M,k,I. 

Proof Similar to Proposition 6.1, take s — [y + k + l],then H S (M) <^-> 
C k (M). One can take D,e small enough such that, 

C 4 e c * eC6DT (D + e) < 1 (6.14) 

C 4 ,C$,Cq are constants in (6.10) and Proposition 4.2 holds. Then (4.44) 
implies (4.45) and the construction of {"Un}n=L m (6.1), one finds (6. 2). This 
implies (6. 10), namely, 

\\u n — U n _i\\co(l t H=(M)) + \\(u n — Un-l)t\\c°(I,H=- 1 (M)) 

< C 4 e C5eC(iDT {D + e)(\\u n - tin-i||c°(j,ff«(jio) 

+ \\{u n - M n _i) t || c o (7jifs -i (M)) ) (6.15) 
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Then, similar argument of Proposition 6.1 gives the result by (6.14)(6.15). 

At the end we discuss the uniqueness of solution in the above two Propo- 
sition. This is from the next result. 

Proposition 6.3 Suppose (M,g) be m-dimensional closed Riemainnian 
manifold, I = [0,T] be a interval of length T, and R G C°°(M x J). Let < 
T < T.If equation (1.2) has a solution u G C k+2 (M x [0,T]),and u satisfies 
u(x, 0) = (p(x),u t (x,0) = ifj (x), then the solution is unique. Here,(p(x),i/)(x) G 
C°°(M) are two prescribed functions, and k > y + 1, k G Z. 
Proof Suppose u,v G C k+l (M x [0, f\) are two different solution of (1.2) 
with the same initial data.So, exist t min ,0 < t min < T and in [0,t min ],u = 
v,but u 7^ v when t > t min .Let u(x,t) = u(x,t + t min ),v(x,t) = v(x,t + 
t mira ),then u(x, 0) = v(x, 0), u t (x, 0) = -u t (x,0).And u, v also satisfy (1.2), dif- 
fer the corresponded equation,one has 

(u - v)u - e~ 2(m+1)fi A(w - v) 

= -{-e" 2m "(l - e^-^R + e- 2(m+iyu H(u, v) 

-{m 2 + m + 2) e ~ 2(m+1) " < Vw, V(u - 6) > -m(3m + l)w t (u - u) t } 

(6.16) 

where, 

#(£,*;) = [l-e 2(m+1 ^~^R g + 2Av)-{m 2 + m + 2)[<V{u-v),Vv> 

+ (1 - e 2(m+l)(n-C)) < y ~ > j _ + iy{m+l)u~ t ^ _ 

(6.17) 

Similar to (6.2)-(6.10) and using Proposition 4.1(h), one obtains, 

II" - v\\hHm) + v) t \\ H k-i {M) 

< C (\\u-v\\ H k {M) + \\(u-v)t\\ H k-i(M))dT (6.18) 
Jo 

holds in [0,£ o ],and is small enough. Constant C and t relates to mani- 
fold M, k,R, w(0),w t (0).(6.18) implies u = v when £ more small such that 
C£ < l.This is a contradiction. So, t min = T. 
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Proposition 6.1-6.3 imply Theorem 1.1 and 1.2. 

At last, we suggest some questions which maybe is nature to ask: 

(1) Replace I by S 1 (i.e. the unit cycle), what is the sufficient and necessary 
condition on which equation (1.2) exists solution ? 

(2) On what condition, equation (1.2) exists solution on M x M 1 ? 

(3) How to solve this question of the higher dimension version, namely solve 
equation (3.31) ? 

(4) Can this question be generalized to a fiber bundle over a base manifold 
M ? What is the corresponded equation ? 
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